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Abstract – This paper proposes a nonlinear model to
track a maneuvering target in acceleration motion. The
acceleration motion is traditionally modeled as a linear
function with the state which consists of target position,
speed and acceleration in the x, y and possibly z coor-
dinates. The state elements in different coordinate are
assumed uncoupled. However, This assumption is not
generally true, as the state elements in different coor-
dinates are correlated by the common target heading.
Thus, a nonlinear constant heading model is suggested
in this paper. To implement this nonlinear model, a
two-stage least squares method is developed for track
initiation, and an extended Kalman filter (EKF) and
an unscented Kalman filter (UKF) are proposed to es-
timate the state in track maintenance. Performance
of the nonlinear model is demonstrated through simula-
tion data, and results show that the proposed nonlinear
model outperforms the traditional linear model.

Keywords: Maneuvering target, acceleration model,
nonlinear tracking, track initiation

1 Introduction
The correctly defined models, which describe various
target motion patterns, are the fundamental for the
tracking system. The main motion patterns for a ve-
hicle include constant velocity motion, constant accel-
eration motion and turn motion. In this paper, we fo-
cus on the mathematical model of constant accelera-
tion motion. A natural acceleration motion is of that a
constant force acting on a target at the target heading
direction resulting that the target moves in a straight
line with constantly changing speed. The constraint on
such motion in 2D space is

a
|a| =

s
|s| (1)

or
ẋ

ẏ
=

ẍ

ÿ
(2)

where a and s are the target acceleration vector and
velocity vector respectively, ẋ, ẏ, ẍ, ÿ are the target
speed and acceleration in x and y coordinates respec-
tively. However, the commonly used existing accelera-
tion models are all based on the assumption that the
coupling among the coordinates can be neglected for
simplicity, and the state elements on each coordinate
are independent. This assumption does not guarantee
the target moves in a straight line. Thus a model error
is introduced and leads to a decrease in track accuracy.
The aim of this paper is to design an easily implemented
model to describe the acceleration motion without such
model error.

The acceleration motion pattern has been modeled
in many forms over the past four decades [1][2][3]. A
popular acceleration maneuvering model is designed by
Singer [4]. The target acceleration is modeled as a
first-order Markov process with the state [ x ẋ ẍ ]T ,
which represents the target position, speed and acceler-
ation in x coordinate. The Singer’s model needs a priori
knowledge on target maneuver time τ and the model of
acceleration probability density to determine its transi-
tion equation. This model is a mixture of acceleration
model and constant velocity model rather than a dedi-
cated acceleration model. The acceleration can also be
simply modeled as white Gaussian noise in the constant
velocity (CV) model [2]. The state vector is [ x ẋ ]T ,
and the acceleration ẍ is totally merged into the pro-
cess noise in the CV model. It is equivalent to Singer’s
model when τ is sufficiently small. More precisely, the
acceleration can be modeled by the constant accelera-
tion (CA) model, which includes ẍ in the state vector
as [ x ẋ ẍ ]T [2]. The most popular CA model is
referred to as the Wiener process acceleration model.
The process noise in this model is the maximum ac-
celeration increment expected over the scan interval T .
Another version of CA model is called the white jerk
model. The white jerk model sets the process noise as
white Gaussian on the expected target jerk (i.e. accel-
eration derivative). It can also be viewed as a special



case of Singer model when τ is much greater than scan
interval.

All the models mentioned above are linear models,
and the states are only represented in one coordinate.
For multiple coordinates, the states are simply aug-
mented, eg. the state becomes [ x ẋ ẍ y ẏ ÿ ]T

in the 2D CA model. Although the augmentation
makes the models being implemented easily, it is too
coarse that the correlation among coordinates is totally
ignored and leads to model error.

In this paper, we propose a nonlinear constant head-
ing model to track the constant acceleration target.
The nonlinear model is implemented by an extended
Kalman filter (EKF) and an unscented Kalman filter
(UKF), and a two-stage least squares method is de-
veloped such that the target initial state and its error
covariance can be efficiently estimated.

The rest of this paper is organized as follows. Sec-
tion 2 proves the error caused by the uncoupled linear
acceleration models, and the nonlinear constant head-
ing model is proposed to overcome this model error.
Section 3 suggests a two-stage least squares method for
track initiation. Section 4 shows the simulation results,
which present the performance comparisons on the un-
coupled linear model and the proposed nonlinear model.
Cramer-Rao lower bound (CRLB) is also demonstrated
in the results. Finally, the conclusion is drawn in Sec-
tion 5.

2 Acceleration models
In this section, we firstly present the model error gen-

erated by the uncoupled acceleration model. A nonlin-
ear acceleration model to overcome this model error is
then proposed. The nonlinear estimation algorithms for
the proposed model are also discussed.

2.1 Model error of the uncoupled accel-
eration model

The state vector x of a generic uncoupled acceleration
model in 2D space is defined as

x = [ x ẋ ẍ y ẏ ÿ ]T (3)

where x and y are the target positions, ẋ and ẏ are the
target speeds, ẍ and ÿ are the target accelerations in
x and y coordinates, respectively. The transition and
measurement equations are

x(k + 1) = F1x(k) + w1(k) (4)
z(k + 1) = H1x(k + 1) + v(k + 1) (5)

where

F1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 T 0.5T 2 0 0 0
0 1 T 0 0 0
0 0 1 0 0 0
0 0 0 1 T 0.5T 2

0 0 0 0 1 T
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

(6)

H1 =
[

1 0 0 0 0 0
0 0 0 1 0 0

]
(7)

T is the scan interval. k is the scan index, w1 is the pro-
cess noise, which is assumed to be the white Gaussian
with covariance Q1, to compensate the model error. v
is the white Gaussian measurement noise with covari-
ance R.

The state x and its error covariance P are estimated
by Kalman filter, and they are

x̂(k + 1) = F1x̂(k) + K(k + 1)z̃(k + 1) (8)
P(k + 1) = [I− K(k + 1)H1]P(k + 1|k) (9)

where K(k + 1) is the Kalman gain, and

z̃(k + 1) = z(k + 1) − H1F1x̂(k) (10)
P(k + 1|k) = F1P(k)FT

1 + Q1(k) (11)

The estimated state in (8) is the optimal solution
without constraint (2). Now we take the constraint (2)
into the consideration. The constraint can be rewritten
as

Dx(k + 1) = 02×1 (12)

where 02×1 is [ 0 0 ]T , and

D =
[

0 −1 0 0 tan(h) 0
0 0 −1 0 0 tan(h)

]
(13)

h is the target heading, and it is defined as a clockwise
angle from the true north. The optimal state x̃(k + 1)
with constraint is

x̃(k + 1) = x̂(k + 1) − xe (14)

where xe can be considered as the model error of the
uncoupled CA model, and it can be computed from the
maximum probability using the Lagrangian method.
The result is

xe = P(k + 1)DT (DP(k + 1)DT )−1Dx̂(k + 1) (15)

The detailed steps can be found in [5].

2.2 Nonlinear constant heading acceler-
ation model

One approach to solve the estimation with constraint
is to reduce the state size. Obviously, the six elements
in the 2D uncoupled acceleration model can be reduced
to five elements with the constraint (2). Thus we sug-
gest a constant heading acceleration model in this sub-
section. The state vector x and the measurement vector
z are defined as

x = [ x y s a h ]T (16)

z = [ xm ym ]T (17)



where x and y are the target positions in x and y co-
ordinates respectively, s, a and h represent the target
speed, acceleration and heading respectively. xm and
ym are the measured target positions in x and y coordi-
nates respectively. The transition equation is nonlinear,
and is described by

x(k + 1) = f(x(k)) + w(k) (18)

where w is the white Gaussian process noise with co-
variance Q, and

f = [ f1 f2 f3 f4 f5 ]T (19)

f1 = x(k) + [s(k)T + 0.5a(k)T 2] sinh(k) (20)
f2 = y(k) + [s(k)T + 0.5a(k)T 2] cosh(k) (21)
f3 = s(k) + a(k)T (22)
f4 = a(k) (23)
f5 = h(k) (24)

The measurement equation is linear, and is defined
as

z(k + 1) = Hx(k + 1) + v(k + 1) (25)

where

H2 =
[

1 0 0 0 0
0 1 0 0 0

]
(26)

and v is the white Gaussian measurement noise with
covariance R, which is assumed to be obtained from a
priori knowledge.

The Jacobian matrix of f(x) is defined as

F2(k) =
∂f(x(k))

∂x(k)
(27)

Substituting (20)-(24) into (27), F2(k) is obtained as

F2(k) =

⎡
⎢⎢⎢⎢⎣

1 0 F13(k) F14(k) F15(k)
0 1 F23(k) F24(k) F25(k)
0 0 1 T 0
0 0 0 1 0
0 0 0 0 1

⎤
⎥⎥⎥⎥⎦ (28)

where

F13(k) = T sin h(k) (29)
F14(k) = 0.5T 2 sin h(k) (30)
F15(k) = [s(k)T + 0.5a(k)T 2] cosh(k) (31)
F23(k) = T cosh(k) (32)
F24(k) = 0.5T 2 cosh(k) (33)
F25(k) = −[s(k)T + 0.5a(k)T 2] sin h(k) (34)

It is clear that the proposed nonlinear model de-
scribes the acceleration motion more accurately than
the uncoupled acceleration model. However, there is
no optimal algorithm for nonlinear tracking. The sub-
optimal algorithms provide approximate solution, and

performance will depend on the accuracy of the initial
state and subsequent recursive nonlinear estimation.

Many suboptimum nonlinear estimation algorithms
have been proposed in literature for approximating the
pdf of nonlinear transformations. The most popular
one is the EKF [6] [2]. It linearizes the nonlinear func-
tion through a Jacobian matrix, so that the state co-
variance can be transited linearly. If model nonlinear-
ity is not high, the tracking result of an EKF is ac-
ceptable. A generally more accurate nonlinear tracking
algorithm is the UKF. It is a sampling method sug-
gested by Julier [7] [8]. A few sigma points are used
to represent the pdf of a state, and these sigma points
are propagated through the nonlinear functions. The
mean and the covariance of the posterior state are then
obtained through the transited sigma points. Since Ja-
cobian matrix is no more required, the UKF can be
implemented easily, and the UKF has generally shown
better performance than the EKF [9]. Another attrac-
tive nonlinear tracking algorithm is the particle filter-
ing (PF) introduced by Gordon [10]. It is a sequential
Monte-Carlo method. Instead of a few sigma points in
UKF, plenty of points are used to represent the state
pdf. The particle filter has been applied to various non-
linear non-Gaussian tracking applications [11].

In this paper, we implement the proposed model by
the EKF and the UKF. F2 in (27) is the Jacobian ma-
trix used in the EKF. The PF is not considered as it is
computational intensive.

3 Two-stage least squares

method for track initiation
Track initiation is an important step in tracking sys-

tem, especially for nonlinear tracking. A wrong initial
value can mislead the state converging into a local opti-
mum instead of the global optimum. A typical method
is to view the problem as a nonlinear optimization prob-
lem which is formulated by the maximum likelihood
(ML). Normally a batch process is applied to the first
few scans of measurement. The nonlinear optimization
problem can be solved by the Newton’s algorithm iter-
atively [12] [13]. Another approach is the Markov chain
Monte Carlo (MCMC) method [14], which suggests a
sampling method based on the likelihood linked to the
observation equation. Both methods compute the ini-
tial state through iteration until some predetermined
conditions are met.

In order to initiate an accurate nonlinear state
rapidly, we develop a two-stage least squares method
without iteration process. The target initial state and
its error covariance can be efficiently estimated through
this method.

Given the measurements in the first n scans

Z = [ z(1) z(2) ... z(n) ] (35)



where z(i) is defined in (17), i ∈ [1, n]. The param-
eters, which are going to be estimated, are separated
into two sets, S1 and S2. S1 consists of information in
the first coordinate, for example, the x coordinate. S2

contains of information in another coordinate and the
correlation between two coordinates which is related to
the target heading. The S1 and S2 are defined as

S1 = [ x0 ẋ0 ẍ ]T (36)

S2 = [ y0 r ]T (37)

where x0, ẋ0 and ẍ are the target initial position, ini-
tial speed and acceleration in x coordinate respectively.
y0 is the target initial position in y coordinate. r is the
cotangent of the target heading, which is defined as

r = coth =
ẏ0

ẋ0
=

ÿ

ẍ
(38)

These two sets are estimated in two stages, which are
described as follows.

Stage one estimates S1. The problem is formulated
as

Z(1, :)T = AS1 + ex (39)

where

A =

⎡
⎢⎢⎢⎢⎢⎣

1 0 0
1 T 0.5T 2

1 2T 0.5(2T )2
...

...
...

1 (n − 1)T 0.5[(n − 1)T ]2

⎤
⎥⎥⎥⎥⎥⎦

(40)

ex =
[

ex(1) · · · ex(n)
]T (41)

ex(i) is the measurement error in x coordinate, i ∈
[1, n], and the variance is σ2.

Using the least squares method, the S1 is estimated
by

Ŝ1 = (AT A)−1AT Z(1, :)T (42)

S2 is estimated in the second stage. By making use of
the result obtained in the first stage, the measurement
equation in the second coordinate can be written as

Z(2, :)T = BS2 + ey (43)

where

B =

⎡
⎢⎢⎢⎢⎢⎣

1 0
1 T ẋ0 + 0.5T 2ẍ
1 2T ẋ0 + 0.5(2T )2ẍ
...

...
1 (n − 1)T ẋ0 + 0.5[(n − 1)T ]2ẍ

⎤
⎥⎥⎥⎥⎥⎦

(44)

ey =
[

ey(1) · · · ey(n)
]T (45)

ey(i) is the measurement error in y coordinate, i ∈
[1, n], and the variance is σ2.

The S2 is estimated as

Ŝ2 = (BT B)−1BT Z(2, :)T (46)

The initial states defined in (16) for the first n scans
can then be computed from Ŝ1 and Ŝ2. The target
positions are

x(1 : n) = AŜ1 (47)
y(1 : n) = BŜ2 (48)

The target speed, acceleration and heading are com-
puted by

s(1 : n) =
√

1 + r2(ẋ + Uẍ) (49)

a(1 : n) = L
√

1 + r2ẍ (50)
h(1 : n) = L tan−1(1/r) (51)

where L and U are

U =
[

0 1 · · · n − 1
]
1×n

(52)

L =
[

1 1 · · · 1
]
1×n

(53)

The state error covariance P is difficult to be esti-
mated analytically. This is because the error has been
introduced to matrix B by ẋ0 and ẍ in the second stage
estimation. It results in the error of S2 is difficult to
be estimated. Thus, except the position x, the error
statistics for other state elements have to be obtained
through approximation and Monte Carlo test. In this
paper, we compute and approximate the error variances
for the first four state elements, namely, x, y, s and a
as

σ2
x = Σ(1, 1) (54)

σ2
y ≈ Σ(1, 1) (55)

σ2
s ≈ αΣ(2, 2) (56)

σ2
a ≈ αΣ(3, 3) (57)

where
Σ = (AT A)−1σ2 (58)

α is a scalar. The standard deviation on heading er-
ror σh has to be obtained through a Monte Carlo ex-
periment. We conducted the experiment on different
measurement errors σ and different number of initial
scans. Figure 1 shows the result obtained from 500
Monte Carlo runs. It is seen that σh is reduced when
the number of initial scans increased and the measure-
ment error σ reduced.

The state error covariance P(n) at the nth scan is
approximated by a diagonal matrix as

P (n) = diag[ σ2
x σ2

y σ2
s σ2

a σ2
h ] (59)

Now the initial states for the first n scans and the
state error covariance at scan n are totally obtained.
Since there is no iteration process, the computational
cost is much less compared to the existing ML and
MCMC methods.



Figure 1: Target heading errors on different noise levels
and different initial conditions

Figure 2: A test scenario to simulate a surface tar-
get taking a constant deceleration maneuvering from a
cruising speed 15m/s to a slow speed 2.5m/s in 50sec

4 Simulation and analysis
This section demonstrates the performance of the

proposed nonlinear acceleration model through simula-
tion experiments. To illustrate the performance gained
from the proposed nonlinear model, comparisons on
tracking accuracy is made between the nonlinear model
and the uncoupled acceleration model. The nonlinear
model is implemented by the EKF and the UKF, and
the nonlinear tracks are initiated by the two-stage least
squares method. The Wiener CA model is selected
as a representative of the uncoupled models, and the
Kalman filter (KF) is used to estimate the state in this
model. In the experiments, α in (56) and (57) is set to
2.

The test scenario is presented in Figure 2. It simu-
lates a surface target taking a constant deceleration ma-
neuvering from a cruising speed 15m/s to a slow speed
2.5m/s in 50sec. The target heading is 45 degrees. The
target positions in x and y coordinates are detected ev-
ery second. The measurement error is assumed to be
white Gaussian in both x and y coordinates.

The experiments are conducted on different mea-

surement errors and different initial conditions. The
Root-Mean-Squared Error (RMSE) on target position
is recorded for comparison. The position error at scan
k is computed by

perr(k) =
√

x2
err(k) + y2

err(k) (60)

where xerr and yerr are the differences between the es-
timated position and the ground truth in x and y co-
ordinates respectively. The CRLB on position is also
computed as a benchmark for performance evaluation.
The CRLB can be obtained from the filtering informa-
tion matrix recursively [15] [11] [16]. It is

CRLB(k) =
√

J−1
11 (k) + J−1

22 (k) (61)

where J is the information matrix, and it is

J(k + 1) =
[
F−1

2 (k)
]T

J(k)F−1
2 (k) + HT

2 R−1H2 (62)

where F2 and H2 are defined in (28) and (26).
The number of initial scans n is set to 5, 6, 7 and 8,

and the standard deviations of measurement noise σ in
x and y coordinates are set to 5m and 10m, which can
convert to the standard deviation of position noise σp as
7.07m and 14.14m respectively. Q1 is set as a diagonal
matrix with diagonal elements [1, 1, 0.1, 0.1, 0.01, 0.01],
and Q is also a diagonal matrix with diagonal elements
[1, 1, 0.1, 0.01, (0.5π/180)2]. The test is conducted on
500 Monte Carlo runs. The results are summarized in
Table 1.

In Table 1, the RMSE column represents the time
averaging on the ensemble RMSE of perr. The Noise
Redu. column represents the noise reduction percent-
age, which is computed by

NoiseRedu. =
σp − RMSE

σp
× 100(%) (63)

It is seen from Table 1 that all RMSEs are 33%−54%
lower than the measurement errors. It indicates all the
algorithms are performing well. The UKF and the EKF
in the proposed nonlinear model generate lower RMSE
than the KF in the uncoupled acceleration model, ex-
cept an EKF case with n = 5 and σp = 14.14m. Thus,
the proposed nonlinear model outperforms the exist-
ing uncoupled acceleration model. It is known that the
UKF has better performance than the EKF in nonlin-
ear tracking. This point is further confirmed by the
results in Table 1. The UKF shows less RMSE than
the EKF in all the cases.

To further analyze the performance difference be-
tween the UKF and the EKF on initial conditions, we
categorize the initial state accuracy into three levels,
namely, excellent, good and poor. We use σh shown
in Figure 1 to represent the initial state accuracy. The
excellent level is when σh is lower than 8 degrees. This
level can be reached by the two-stage least squares ini-
tiation method when σp is 7.07m or n is greater than



Table 1: RMSE on Position
σp=7.07m σp=14.14m

Algo. Noise Noise

n and RMSE Redu. RMSE Redu.

CRLB (m) (%) (m) (%)

KF 4.16 41.2 8.17 42.2

5 EKF 3.78 46.5 9.46 33.1

UKF 3.75 47.0 7.93 43.9

CRLB 3.49 50.6 6.99 50.6

KF 4.10 42.0 8.13 42.5

6 EKF 3.75 47.0 7.62 46.1

UKF 3.74 47.1 7.48 47.1

CRLB 3.41 51.8 6.82 51.8

KF 4.01 43.3 8.02 43.3

7 EKF 3.67 48.1 7.44 47.4

UKF 3.66 48.2 7.39 47.7

CRLB 3.34 52.8 6.67 52.8

KF 3.95 44.1 7.94 43.8

8 EKF 3.65 48.4 7.39 47.7

UKF 3.64 48.5 7.37 47.9

CRLB 3.28 53.6 6.55 53.7

Figure 3: RMSE on position vs. scan when σp=7.07m,
n=8 (excellent initial level)

6. The good level is when σh is around 10 degrees. In
our simulation, only the case when σp and n are 14.14m
and 6 respectively, belongs to this level. The poor level
is when σh reaches 15 degrees. It is the worst case in
the simulation. In this case, σp and n are 14.14m and 5
respectively. Figures 3∼5 show the position RMSE vs.
time for the three different initial levels. The results
are obtained from 500 Monte Carlo runs. The tracking
performance for the excellent initial level is presented
in Figure 3. It is seen that the UKF and the EKF have

Figure 4: RMSE on position vs. scan when σp=14.14m,
n=6 (good initial level)

Figure 5: RMSE on position vs. scan when σp=14.14m,
n=5 (poor initial level)

comparable performance. Both converge to the CRLB.
An obvious gap appears between the linear KF and the
two nonlinear filters. Figure 4 shows the RMSE on the
good initial level. The UKF obviously outperforms the
EKF. Both UKF and EKF are still better than the KF.
The result for the poor initiation level is shown in Fig-
ure 5. The EKF is diverged. This because the poor
performance of the Jacobian approximation when error
is large. Although the UKF uses the same inaccurate
initial value, the unscented transform is more accurate
than a Jacobian approximation, and results in better
performance in the UKF. The results confirm that the
EKF is more sensitive to the initial condition than the
UKF.

From these observations, we can conclude that the
proposed nonlinear model performs better than the ex-
isting uncoupled acceleration model. Even in the poor
initial condition, the nonlinear UKF still outperforms
the linear KF. The UKF is less sensitive to the accu-
racy of the initial state than the EKF. Better nonlinear
tracking performance can be obtained by improving the



initial state accuracy, and that can be achieved by in-
creasing the number of initial scans.

5 Conclusion and future work
This paper proposes a nonlinear constant heading
model for tracking a target which moves in a constant
acceleration motion. The proposed nonlinear model de-
scribes the acceleration motion more accurately than
the existing uncoupled acceleration mode, and the er-
ror created by the uncoupled linear model is proven. A
two-stage least squares method is developed for non-
linear track initiation, and the EKF and the UKF are
suggested for state updating. Simulation experiments
on the proposed nonlinear model and the existing un-
coupled linear model are conducted. The results show
that the nonlinear model outperforms the linear model,
and the UKF is better than the EKF in terms of track
accuracy and sensitivity to the initial condition.

Another method of solving this CA problem is to
apply constraint Kalman filter. We shall conduct a re-
search on this method in future.
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